If N is a simply connected real nilpotent Lie group with a Γ-rational complex structure, where
Introduction
Deformations of compact complex solvmanifolds have been considered by many mathematicians. Nakamura [3] has computed Hodge numbers of small deformations of compact complex parallelizable solvmanifolds to investigate rigidities of small deformations. On the other hand, invariant complex structures on generalized flag manifolds can be classified by using t-root systems, which is an algebraic method (cf. [1] ). However, it seem that studies of invariant complex structures on compact complex solvmanifolds which are not small deformations are not so systematic, and not so much. In this paper, we study relations between invariant complex structures and Hodge numbers of compact nilmanifolds from a viewpoint of Lie algberas. Recall that a Eucliedean space R n × R n has a symplectic form
where (p 1 , . . . , pn , q 1 , . . . , qn) is a global natural coordinate on R n ×R n . Let us consider the complexification
. Let L, L ′ be lattices in C n . Then, we have a holomorphic (Lagrangian) fibration
Let S = {(C n × C n , id C n × id C n )}, T = {(C n × C n , id C n × c)}, where c(q 1 , . . . , qn) = (q 1 , . . . ,qn). Then the holomorphic symplectic form ω C = ∑︀ n i=1 dp i ∧ dq i on (C n × C n , S) can be considered as a non-degenerate closed (1, 1)-form on (C n × C n , T). Hence, we have a compact pseudo-Kähler manifold endowed with (C n × C n , T) and ω C . Let N be a simply connected nilpotent Lie group, and n its Lie algebra. Then, the exponential map exp : n −→ N is a diffeomorphism. Since n ∼ = R n , we can consider an analogous construction of different invariant complex structures on a compact nilmanifold (see Section 2, and [7] [8] [9] 
Let g be a real Lie algebra, and g = a b a decomposition such that a is a Lie subalgebra of g and b is an ideal of g. Then, we can construct complex structures J andJ on R (g C ) from the decomposition (for the details of J andJ, see Section 3), where g C is the complexification of g, and R (g C ) is a real Lie algebra obtained from g C by the scalar restriction. We denote dim H
Then, we have the following results. for each r.
In the case where b is abelian, we have several more results. We can consider two graded algebras 
Let N be a simply connected real nilpotent Lie group, Γ a lattice in N. Note that if a left-invariant complex 
From now on, when there exist no possibility of confusion, we omit the subscript J.
Theorem 2.1 (Sakane[5] ). Let N be a simply connected complex nilpotent Lie group, and Γ a lattice in N. Then,
* play an important role in Section 3.
Let N be a simply connected real nilpotent Lie group. It is well known that there exists a lattice in N if and only if there exists a rational Lie subalgebera n Q such that n ∼ = n Q ⊗ R. Let Γ be a lattice in N, and n Q the Q-span of exp −1 (Γ) in n, where exp :
). Conversely, let n Q be a rational Lie subalgebra such that n ∼ = n Q ⊗ R, and J a complex structure on n such that
Theorem 2.2 (Console-Fino[2]). Let N be a simply connected nilpotent Lie group, and Γ a lattice in N.
Let J be a Γ-rational complex structure on n. Then,
for each s, t.
Main results
We consider the following Lie algebra g over R:
where a is a Lie subalgebra of g, and b is an ideal of g. Take bases of the Lie subalgebras a and b:
Consider the complexification g C of g.
has the following basis:
where
be the dual basis of
Let J be the (almost) complex structure on R (g C ) defined by
is a complex Lie algebra. We consider other almost complex structureJ on
for each i, j. Let R (G C ) be the simply connected real Lie group corresponding to R (g C ). Put
Then, we have the following proposition.
If J is a rational complex structure, thenJ is also a rational complex structure.
From now on, we denote (
Assume that
for each i, j, s and t. Let gs be the Lie algebra defined by
with other brackets vanishing.
Theorem 3.2 ([9]). For each r
, h 0,r (gJ) = dim H r (a × b).
Theorem 3.3 ([9]). For each r, ∑︁
The following proposition can be considered as a special case of Theorem 3.2. However, this proposition is important.
Proof. By Theorem 3.2,
Corollary 3.5.
Proof. Since h 1,0 (g J ) = dim g, we obtain our claim. 
for each s.
In the case where b is abelian, we have the following results. Proof. Note that g is a real Lie algebra, and (g J )
by Theorem 3.3.
Corollary 3.9. Assume that b is abelian. Then
Proof. We obtain that
by Proposition 3.8.
From now on, we assume that b is abelian. Put
for each i, j. Then, we can take a basis of the space of the left-invariant (1, 0)-forms of ( R (G C ), J) as follows:
with the equations
. . , q. Thus, we havē ∂λ i =∂µ j = 0, (3.1)
On the other hand, put
for each i, j. Then, we can take a basis of the space of the left-invariant (1, 0)-forms of ( R (G C ),J) as follows:
. . , q. Thus, we havē
induced by the linear isomorphism (g
Then, by the equations of (1), (2), F is an isomorphism of differential graded algebras. In particular, by the cohomology map induced by F, we have
for each r. 
Then, we have
by Lemma 3.10. Thus, we obtain the following theorem.
, we obtain our claim by Lemma 3.10. 
by the cohomology map induced by F, we have
.
Thus, we obtain our claim by Theorem 3.11.
Corollary 3.13. Assume that b is abelian. Then
where p = dim a.
Proof. If t = 0, then the conditions k − l + m = t and k
Corollary 3.14. Assume that b is abelian. Then
Proof. Note that g
, we obtain
Hence, we obtain our claim by a straightforward computation. 
} be a basis of left-invariant vector fields on N which satisfies
Then, we have the following nilpotent Lie group with rational complex structures: In particular, we see for each r.
